Abstract. We state and prove a combination theorem for geometrically finite convergence groups (or equivalently for relatively hyperbolic groups). We apply our result to Sela's theory on limit groups and prove their relative hyperbolicity.
intersect. We also use the notion of acylindrical amalgamation, formulated by Sela [17] , which means that there is a uniform bound to the lengths of the segments in the Serre tree whose stabilizer is infinite.
Theorem 0.1 Assume that Γ satisfies one of the following assumptions 1. Γ is the fundamental group of an acylindrical finite graph of groups, whose vertex groups are geometrically finite convergence groups and edge groups are fully quasi-convex subgroups.
2. Γ is an acylindrical amalgamation A * P G where G is geometrically finite, P maximal parabolic in G.
Then Γ is geometrically finite and its peripheral structure is the set of images of parabolic groups, of their conjugates, and (in Case 2) of the conjugates of A.
Acylindrical amalgamations of hyperbolic groups (which are uniform convergence groups) over quasi-convex subgroups satisfy the first case of the theorem (see Proposition 1.1). Another important example is the amalgamation of relatively hyperbolic groups Γ = G 1 * P G 2 , where P is maximal parabolic in G 1 and parabolic in G 2 : if P is the maximal parabolic subgroup of G 2 containing P , we have Γ = (G 1 * P P ) * P G 2 . One can apply successively the second and the first case of the theorem.
Instead of choosing the point of view of Bestvina and Feighn [2] , and constructing a hyperbolic space on which the group acts in an adequate way (see also the works of R.Gitik, O.Kharlampovich, A.Myasnikov, and I.Kapovich, [10] , [15] , [14] ), we adopt a dynamical point of view : from the actions of the vertex groups on their boundaries, we construct an action of Γ on a compact, and check that it is of convergence and geometrically finite.
Thus, we have a good description of the boundary of the product.
Theorem 0.2 Under the hypothesis of Theorem 0.1, assume that the topological dimensions of the limit sets of vertex groups (resp. of edge groups) are smaller than r (resp. than s). Then the topological dimension of ∂Γ is smaller than Max{r, s + 1}.
The application we have in mind is the study of Sela's limit groups, or equivalently ω-residually free groups [18] , [16] . Here, we answer the first question of Sela's list of problems [19] .
Theorem 0.3 Limit groups are hyperbolic relative to their maximal abelian non-cyclic subgroups, and their boundaries are compacta of topological dimensions zero or one.
I am grateful to T.Delzant, for his interest, and advices, and to Z.Sela who submitted me the problem about limit groups. I also want to thank I.Kapovich, and G.Swarup for their useful comments and questions.
1 Geometrically Finite Convergence Groups.
Definitions.
We recall the definitions of [4] and [21] .
Definition 1.1 (Convergence groups)
A group Γ acting on a metrizable compact M is a convergence group on M if it acts properly discontinuously on the space of distinct triples of M . In other words, for any points
We say that M is a (dynamical) boundary of Γ.
Definition 1.2 (Conical limit point, bounded parabolic point)
Let Γ a convergence group on a metrizable compact M . A point ξ ∈ M is a conical limit point if there exists a sequence in Γ, (γ n ) n∈N , and two points ζ = η, in M , such that γ n (ξ) → ζ and γ n (ξ ′ ) → η for all ξ ′ = ξ.
A point ξ ∈ M is bounded parabolic if Stab(ξ) acts properly discontinuously co-compactly on M \ {ξ}. Its stabilizer is a parabolic subgroup.
Definition 1.3 (Geometrically finite groups, peripheral structure)
A convergence group on M is geometrically finite if M consists only in conical limit points and bounded parabolic points. Its peripheral structure is the family of maximal parabolic subgroups.
We give a geometrical counterpoint (see [11] , [6] , [8] ).
Definition 1.4 (Relatively hyperbolic groups)
We say that a group Γ is relatively hyperbolic with peripheral structure a family of finitely generated subgroups G, if it acts properly discontinuously by isometries, on a proper hyperbolic space Σ, such that the induced action on ∂Σ is of convergence, geometrically finite, with peripheral structure G.
The boundary of Σ is canonical in this case ; we call it the boundary of Γ (with its peripheral structure), and write it ∂Γ. There is a natural topology of compact metrizable space on Γ ∪ ∂Γ (see [6] for details).
A. Yaman proved a generalization of a theorem of Bowditch [5] : [22] ) Let Γ be a geometrically finite convergence group on a perfect metrizable compactum M with peripheral subgroups finitely generated. Then Γ is relatively hyperbolic, and M is equivariantly homeomorphic to ∂Γ.
Fully quasi-convex subgroups.
Let Γ be a convergence group on M . According to [4] , the limit set ΛH of an infinite subgroup H, is the unique minimal non-empty closed H-invariant subset of M . If the peripheral structure of Γ is a family of subgroups {P i }, the induced structure on H is the family {H ∩ P i }.
Definition 1.5 (Fully quasi-convex subgroups)
Let Γ be a geometrically finite convergence group, and H a subgroup. H is fully quasi-convex either if it is finite or if it satisfies the following :
• H is geometrically finite on ΛH with induced peripheral structure,
Lemma 1.1 ('full' intersection with parabolic subgroups)
Let Γ be a geometrically finite convergence group, and H a fully quasiconvex subgroup. Let P a parabolic subgroup of Γ. Then P ∩ H is either finite, or of finite index in P .
Let p ∈ ∂Γ the parabolic point fixed by P . Assume P ∩ H is not finite, so that p ∈ ΛH. Then p is in any translates of ΛH by an element of P . The second point of Definition 1.5 shows that there are finitely many such translates : P ∩ H is of finite index in P .
The following statement appears in [12] for hyperbolic groups. Note that this is no longer true if one drops the second point of Definition 1.5.
Lemma 1.2 (Intersection of fully quasi-convex subgroups)
If H 1 and H 2 are fully quasi-convex subgroups of a group Γ, then H 1 ∩H 2 is fully quasi-convex, and
As, for i = 1 and 2, H i is a convergence group on ΛH i , and that any sequence of distinct translates of ΛH i has empty intersection, the same is true for
Let p ∈ (ΛH 1 ∩ ΛH 2 ) a parabolic point for Γ, and P < Γ its stabilizer. For i = 1 and 2, the group H i ∩ P is maximal parabolic in H i , hence infinite. By Lemma 1.1, they are both of finite index in P , and therefore so is their intersection. Hence p is a bounded parabolic point for
Let ξ ∈ (ΛH 1 ∩ ΛH 2 ) be a conical limit point for Γ. It is a conical limit point for each of the H i . To prove that it is a conical limit point for (H 1 ∩ H 2 ), let Γ act on a Gromov hyperbolic space Σ (Theorem 1.1). We identify Γ with the orbit of a given point in Σ, the proper hyperbolic space associated to Γ. Classically, it is enough to show that there is a quasigeodesic ray in Γ, that stays in (H 1 ∩ H 2 ) ⊂ Γ, and that converges to ξ. We know that there is a quasi-geodesic ray r 1 (resp r 2 ) staying in H 1 (resp. H 2 ), and tending to ξ. As the two rays converge to the same point in an hyperbolic space, they must remain at bounded distance :
The number of points of Γ in a ball of radius D of Σ is bounded, and therefore, r 1 (n) −1 .r 2 (m n ) ∈ Γ takes only finitely many values. Let a be a value taken infinitely many times. Let n 1 the first integer such that r 1 (n) −1 .r 2 (m n ) = a. Then, for all other convenient n, we have r 1 (n).r 1 (n 1 ) −1 = r 2 (m n ).r 2 (m n 1 ) −1 , and therefore is in H 1 ∩H 2 . As r 1 (n 1 ) −1 is a constant, and r 1 (n) converge to ξ, we have that r 1 (n).r 1 (n 1 ) −1 converge to ξ also. Collecting all such sequences for the possible values of a, we get a quasi-geodesic that stays in (H 1 ∩ H 2 ) ⊂ Γ, and that tend to ξ. This is a conical limit point for (
We emphasize the case of hyperbolic groups, studied by Bowditch in [4] .
Proposition 1.1 (Case of hyperbolic groups) In a hyperbolic group, a proper subgroup is quasi-convex in the classical sense if and only if it is fully quasi-convex.
B.Bowditch proved in [4] that a subgroup H of a hyperbolic group Γ is quasi-convex if and only if it is hyperbolic with limit set equivariantly homeomorphic to ∂H. It remains only to see that, if H is quasi-convex in the classical sense, then the intersection of infinitely many distinct translates g n .∂H is empty, and we prove it by contradiction. Choose ξ in ∩ n g n .∂H, then there is in each coset g n .H, an L-quasi-geodesic ray r n (t) tending to ξ. As they converge to the same point in the boundary of an hyperbolic space, there is a constant D such that for all i and j we have :
Let N be a number larger than the cardinality of the ball of radius D in the Cayley graph of Γ, and consider a point r 1 (T ) with T bigger than any t i,j , for i, j ≤ N . Then each ray r i , i ≤ N , has to pass through the ball of radius D centered in r 1 (T ). By a pigeon hole argument, we see that two of them pass through the same point, but they were supposed to be in disjoint cosets.
In fact, our point of view in Definition 1.5 is a generalization of the definitions in [4] , given for hyperbolic groups. With standard methods, one can prove that, if Γ is relatively hyperbolic, acting on a hyperbolic fine graph K (see [6] ), a subgroup that has an orbit quasi-convex in K, and that satisfies the conclusions of Lemma 1.1, is fully quasi-convex, and conversely.
2 Boundary of an acylindrical graph of groups.
Let Γ be as in Theorem 0.1. We will say that we are in Case 1 (resp. in Case 2 ) if Γ satisfies the first (resp. the second) assumption of Theorem 0.1. However, we will need this distinction only for the proof of Proposition 2.1.
Let T be the Bass-Serre tree of the splitting, and T 0 , a subtree of with T which is a fundamental domain. We assume that the action of Γ on T is k-acylindrical for some k ∈ N (from Sela [17] ) : the stabilizer of any segment of length k is finite.
Definition of M.
Let V(T 0 ) be the set of vertices of T 0 . The boundary of v ∈ V(T 0 ) is the compact set ∂(v) homeomorphic to the boundary of the stabilizer of v in T . We set Ω to be Γ× v∈V(
. The group Γ acts on Ω. The set γ.∂(v) is called the boundary of the vertex γ.v.
For an edge e = (v 1 , v 2 ) in T 0 , the stabilizer of e in T , Stab(e), embeds in both Stab(v i ) i = 1, 2. Thus, there are equivariant maps Λ (e,v i ) : ∂(Stab(e)) ֒→ ∂(v i ). Similar maps are defined by translation for edges in T not in T 0 . The equivalence relation ∼ on Ω is the transitive closure of the following : ξ ∈ ∂(v) and ξ ′ ∈ ∂(v ′ ) are equivalent if there is an edge e between v and v ′ , and if
The fact that T is a tree ensures that the boundary of each vertex embeds injectively in Ω/ ∼ . Note that the group Γ acts on the left on Ω/ ∼ . Let ∂T be the set of ends of the tree T ; we set
Let π be the projection corresponding to the quotient : π : Ω → Ω/ ∼ . For a given edge e with vertices v 1 and v 2 , the two maps π•Λ (e,v i ) : ∂(Stab(e)) → Ω/ ∼ (i = 1, 2), are equal, and their image is called ∂(e).
Domains.
Let V(T ) be the set of vertices of T . We still note π the projection : π : Ω → Ω/ ∼ . Let ξ ∈ Ω/ ∼ . We define the domain of ξ, to be D(ξ) = {v ∈ V(T ) | ξ ∈ π(∂(v))}. As we want uniform notations for all points in M , we say that the domain of a point ξ ∈ ∂T is {ξ} itself.
Its diameter is bounded by the acylindricity constant. The intersection of two distinct domains is finite. The quotient of D(ξ) by the stabilizer of ξ is finite.
Remark : In Case 1, we will even prove that domains are finite, but this is false in Case 2.
The equivalence ∼ in Ω is the transitive closure of a relation involving points in boundaries of adjacent vertices, hence domains are convex. In Case 2, as P is maximal parabolic in G, ∂P belongs to only one boundary of edge adjacent to v G , the vertex stabilized by G. Hence, the domain of ξ = ∂v A is v A and all its neighbors, whereas the domain of ζ is only one single vertex if ζ is not a translate of ∂v A .
Domains have diameter bounded by 2, and intersect only on one point. For the last assertion, note that A stabilizes ∂v A , and acts transitively on the edges adjacent to v A . This proves the lemma in Case 2. In Case 1, we need a Lemma :
First note that domains are locally finite, because of the second requirement of Definition 1.5. We will prove by induction that, if a subtree of vertices {v 1 , . . . , v n } is in D(ξ), then there exists H n an infinite fully quasiconvex subgroup embedded in each of the vertex stabilizers, with ξ in its boundary.
If n = 1, H 1 is the vertex stabilizer. For larger n, re-index the vertices so that v n is a final leaf of the subtree {v 1 , . . . , v n }, with neighbor v n−1 . Let e be the edge {v n−1 , v n }. The induction gives H n−1 , a subgroup of the stabilizers of each v i , i ≤ n − 1, and with ξ ∈ ∂H n−1 . As ξ ∈ ∂(v n ), it is in ∂(e), and we have ξ ∈ ∂H n−1 ∩∂(e). By Lemma 1.2, H n−1 ∩Stab(e) is a fully quasi-convex subgroup of Stab(v n ), and of H n−1 , with ξ in its boundary. It is then adequate for H n ; this proves the claim, and Lemma 2. Hence we proved that domains are finite (bounded and locally finite), and the last assertions are obvious.
Definition of neighborhoods in M.
We will describe (W n (ξ)) n∈N,ξ∈M , a system of subsets of M , and prove that it generates an adequate topology (Theorem 2.1).
For
Let ξ be in Ω/ ∼ , and
The set W (U i ) i (ξ) is the disjoint union of three subsets :
If we allow the sets U n to range only over a countable system of open neighborhoods of the vertex boundary (which is compact metrizable, hence second countable), we get a countable family of sets W (U i ) i (ξ), and for each ξ we choose an arbitrary order and note them W n (ξ).
For ξ ∈ ∂T , choose v 0 a base point in T ; the subtree T n (ξ) consists in the vertices w such that [v 0 , w] ∩ [v 0 , ξ) has length bigger than n. We set
Lemma 2.2 (Avoiding an edge)
Let ξ be a point in M , and e an edge in T with at least one vertex not in D(ξ). Then, there exists an integer n such that W n (ξ) ∩ ∂(e) = ∅.
If ξ is in ∂T the claim is obvious. If ξ ∈ Ω/ ∼ , as T is a tree, there is a unique segment from the convex D(ξ) to e. Let v be the vertex of D(ξ) where this path starts, and e 0 be its first edge. It is enough to find a neighborhood of ξ in ∂(v) that misses ∂(e 0 ). As one vertex of e 0 is not in D(ξ), ξ is not in ∂(e 0 ), which is compact. Hence such a separating neighborhood exists.
Topology of M.
Theorem 2.1 Let Γ be as in Theorem 0.1. With the notations above, {W n (ξ); n ∈ N, ξ ∈ M } generates a topology that makes M a metrizable compact, with the following convergence criterion :
First we will show that the topology is Hausdorff, then we will prove a filtration lemma, from which we will deduce a fundamental system of neighborhoods (Corollary 2.1). The convergence criterion is an immediate consequence of this corollary. Then we will notice that the topology is regular.
We end the proof as follows. The topology is, by construction, second countable, separable. As it is also Hausdorff and regular, it is metrizable. By the convergence criterion, it is sequentially compact, hence compact.
Lemma 2.3 The topology is Hausdorff.
Let ξ and ζ two points in M . If the subtrees D(ξ) and D(ζ) are disjoint, there is an edge e that separates them in T , and Lemma 2.2 gives two neighborhoods of the points that do not intersect. If D(ξ) ∩ D(ζ) is nonempty, it is finite (Proposition 2.1). In each of its vertex v i , we choose disjoint neighborhoods U i and V i for the two points, and we consider the associated subtrees T v i ,U i and T v i ,V i . This gives rise to sets W n (ξ) and W m (ζ) which are separate.
Lemma 2.4 (Filtration)
For all ξ ∈ M , all integer n, and all ζ ∈ W n (ξ), there exists m such that
If D(ζ) and D(ξ) are disjoint, again, Lemma 2.2 gives a neighborhood of ζ, W m (ζ) that do not meet ∂(e), whereas ∂(e) ⊂ W n (ξ), because ζ ∈ W n (ξ). By definition of our neighborhood system, W m (ζ) ⊂ W n (ξ).
If the domains of ξ and ζ have a non-trivial intersection, either the two points are equal (and there is nothing to prove), or the intersection is finite (Prop. 2.1). Then, we choose well included neighborhoods for ζ in each of the vertices of the intersection, and arbitrary ones elsewhere ; this gives W m (ζ) ⊂ W n (ξ).
Corollary 2.1 The family {W n (ξ)} n∈N,ξ∈M is a fundamental system of open neighborhoods of M .
It is enough to show that the intersection of two such sets is equal to the union of some other ones. Let W n 1 (ξ 1 ) and W n 2 (ξ 2 ) be in the family. Let ζ be in their intersection. Lemma 2.4 gives W (U j ) j (ζ) ⊂ W n 1 (ξ 1 ) and
Lemma 2.5
The topology is regular, that is, for all ξ, for all m, there exists n such that U n (ξ) ⊂ U m (ξ).
In the case of ξ ∈ ∂T , the closure of W n (ξ) is contained in W ′ n (ξ) = {ζ ∈ M |D(ζ) ∩ V n (D(ξ)) = ∅} (compare with the definition of W n (ξ)). As, by Proposition 2.1, domains have uniformly bounded diameters, we see that for arbitrary m, if n is large enough, W n (ξ) ⊂ W m (ξ).
In the case of
contains only points in the boundaries of vertices of D(ξ), and those are in the closure of the U i (which is non-empty only for finitely many i), and in the boundary (not in U i ) of edges meeting U i \ {ξ}. Therefore, given V i ⊂ ∂(v i ), with strict inclusion only for finitely many indexes, if we choose the U i small enough to miss the boundary of every edge non contained in V i , except the ones meeting ξ itself, we have
We have a family of neighborhoods around each point. If ξ ∈ ∂T , the boundary of U n (ξ) is a compact of the boundary of an edge. The discussion of the previous lemma tells that if ξ ∈ Ω/ ∼ , the boundary of U n (ξ) is the finite union of boundaries of typical neighborhoods in ∂(v i ) with a compact of the boundary of finitely many edges.
Dynamic of Γ on M.
We assume the same hypothesis than for Theorem 2.1. We first prove two lemmas, and then we prove the different assertions of Theorem 3.1.
Lemma 3.1 (Large translations)
Let (γ n ) n be a sequence in Γ. Assume that dist(v 0 , γ n .v 0 ) → ∞ for a vertex v 0 . Then, there is a subsequence (γ σ(n) ) n , there is a point ζ ∈ M , such that all ξ ∈ M , except possibly only one in ∂T , satisfy γ σ(n) .ξ → ζ.
Let ξ 0 be in ∂(v 0 ). We choose (γ σ(n) ) n such that (γ σ(n) .ξ 0 ) n converges to a point ζ in M ; we still have dist(v 0 , γ σ(n) .v 0 ) → ∞. Let v 1 be another vertex in T . The lengths of the segments [γ n .v 0 , γ n .v 1 ] are constant, hence for all m, the segments [v 0 , γ σ(n) .v 0 ] and [v 0 , γ σ(n) .v 1 ] coincide on length more than m, for n large enough. Then the convergence criterion tells that γ σ(n) .∂(v 1 ) uniformly converges to ζ. Now let ζ 1 , ζ 2 in ∂T . The center of the triangle (v 0 , ζ 1 , ζ 2 ) is a vertex v in T . As just before, the segments [v 0 , γ σ(n) .v 0 ] and [v 0 , γ σ(n) .v 1 ] coincide for more than m, for large n. This means that for at least one of the ζ i , the ray [v 0 , γ σ(n) .ζ i ) coincides with [v 0 , γ σ(n) .v 0 ] for at least m. By convergence criterion, (γ σ(n) .ζ i ) converges to ζ. Hence, every point ξ ∈ M , except at most one point in ∂T , is such that (γ σ(n) .ξ) n converges to ζ.
Lemma 3.2 (Small translations)
Let (γ n ) n be a sequence of distinct elements of Γ, and assume that for a vertex v 0 , the sequence γ n .v 0 is bounded in T . Then there exists a subsequence (γ σ(n) ) n , a vertex v, and a point ξ ∈ ∂(v), such that all ξ ∈ M , except possibly only one in Ω/ ∼ , satisfy γ σ(n) .ξ → ζ.
Let v be the vertex such that there exists a subsequence (γ σ(n) ) n with the property that the family of segments [v 0 , γ σ(n) .v 0 ] has a common prefix [v 0 , v], and the edges e n just after this prefix are all distinct. After possible extraction of a subsequence, by our convergence criterion we see that γ σ(n) .∂(v 0 ) → ξ ∈ ∂(v) uniformly. Let v 1 be another vertex (resp. a point in ∂T ). Assume v is not in the segment (resp. the ray) [γ σ(n) .v 0 , γ σ(n) .v 1 ], except for finitely many edges. After extraction of a subsequence, it is in none of them. Then, the unique path from v to γ σ(n) .v 1 begins by the edge e n and therefore we have the convergence
, then, after extraction of a subsequence we see that γ −1 n .v is in each segment [v 0 , v 1 ]. Hence, after again extraction, (γ −1 n .v) n is stationary on a vertex v ′ . Let γ 0 ∈ Γ such that γ 0 .v ′ = v. After the necessary extractions, γ σ(n) = h n .γ 0 , with h n ∈ Stab(v). But, by assumption Stab(v) is a convergence group on ∂(v), hence we see that the translates of any point will converge to ξ except possibly for one point in ∂(v ′ ).
Lemma 3.3 With the previous notations, the group Γ is a convergence group on M (cf Definition 1.1).
Let ξ 1 , ξ 2 , ξ 3 be three distinct points in M , and (γ n ) n , distinct elements of Γ. After extraction of a subsequence, we are in the case of either Lemma 3.1, or Lemma 3.2, and there cannot be three distinct limits.
Lemma 3.4 Any point in ∂T is a conical limit point in M .
Let η ∈ ∂T . Let v 0 a vertex in T with a sequence (γ n ) of elements of Γ such that γ n .v 0 lies on the ray [v 0 , η), converging to η.
By lemma 3.1, after possible extraction of subsequence, there is a point ξ + ∈ M , and for all ξ ∈ M , except possibly one in ∂T , we have γ −1 n .ζ → ξ + . Note that, in particular, we have γ −1 n .∂(v 0 ) → ξ + . By multiplying each γ n on the right by elements of Stab(v 0 ), we can assume that ξ + is not in ∂(v 0 ), and we still have γ n .v 0 lying on the ray [v 0 , η), converging to η.
Now it is enough to show that γ −1 n .η does not converge to ξ + . But v 0 is always in the ray [γ −1 n .v 0 , γ −1 n η). Therefore, if γ −1 n η → ξ + , this implies that ξ + is in ∂(v 0 ), which is contrary to our choice of (γ n ).
Lemma 3.5 Any point in Ω/ ∼ , image by π of a conical limit point in a vertex boundary, is a conical limit point.
Let ξ be a conical limit point in ∂(v 0 ). It is then in finitely many boundaries of edges adjacent to v 0 . As we consider a conical limit point, the stabilizers of those edges are fully quasi-convex in Stab(v 0 ), and by Lemma 1.2, so is their intersection. As we noted before that in this case, the domain is finite, we see by induction that there is a subgroup H embedded in each vertex group of D(ξ), such that ξ is a conical limit point for H. Thus we have two points x = y in ∂(H) ⊂ M and a sequence (h n ) n of distinct elements of H such that h n .ξ → x and h n ζ → y for all other ζ ∈ ∂(v), with v ∈ D(ξ). If ζ is not in this case, there exists a unique simple path from D(ξ) to D(ζ), and the boundary of its first edge e does not contain ξ. Hence the translates of e by (h n ) n converge to y, and by our convergence criterion, also does (h n .ζ) n . Let ξ be the image by π of bounded parabolic points in the vertices boundaries, and D(ξ) its domain, and v 1 , . . . , v n the (finite) list of vertices in D(ξ) modulo the action of Stab(D(ξ), with stabilizers (St(v i )). Let P be the stabilizer of ξ. It stabilizes also D(ξ), which is a bounded subtree of T . By a fixed-point theorem, it fixes a point in D(ξ), which can be chosen to be a vertex, since the action is without inversion. Therefore, P is a maximal parabolic subgroup of a vertex stabilizer, and the second assertion of the lemma is true. For each i the corresponding maximal parabolic subgroup of St(v i ) is a subgroup of P , because it fixes ξ. But they are bounded parabolic, hence a subgroup of P acts properly discontinuously co-compactly on each of the ∂(v i ) \ {ξ}.
For each vertex i, we choose K i ⊂ ∂(v i ) \ {ξ}, a compact fundamental domain of this action. We consider also E i the set of edges starting at v i whose boundary intersect K i and does not contain ξ. Note the set of translates by P of edges in i (E i ) covers the set of edges with one and only one vertex in D(ξ).
Let, for each i, K ′ i be the subset of M consisting in the points whose domain consists in vertices w such that the first edge of [v i , w] is in E i . As a sequence of distinct edges in E i has only accumulation points in K i , each
is a compact not containing ξ, and as we noted before, its translates=d by P cover M \ ξ. Hence, P acts properly discontinuously co-compactly on M \ ξ.
We can summarize the Lemmas 3.3, 3.4, 3.5, 3.6 : 4 Relatively Hyperbolic Groups and Limit Groups. We apply Theorem 3.1 with Theorem 1.1 : we see that Γ is relatively hyperbolic with peripheral structure the set of its maximal parabolic subgroups, described in Lemma 3.6.
With this construction, we have an independent proof, and an extension to the relative case, of a theorem by I. Kapovich [14] . The limit set of the stabilizer of a vertex v is indeed ∂v. Each condition of Definition 1.5 is easily checked.
Finally, we study limit groups, introduced by Sela in [18] , in his solution of Tarski problem. Limit groups of height n > 0 can be described from limit groups of height (n − 1) by finitely many free products, acylindrical HNN extensions A * Z or amalgamation A * Z B, with Z cyclic, either with cyclic centralizer in the amalgamation or with A abelian, and Z maximal cyclic, not intersecting non-elementary abelian subgroup in B. Limit groups of height 0 are finitely generated free groups, surface groups, and abelian groups (this is Theorem 4.1 and Lemma 2.3 in [18] ). We argue by induction on the height. It is obvious for groups of height 0. Consider an HNN extension A * Z or an amalgamation A * Z B, with A and B of height less than (n − 1), Z cyclic. If Z has cyclic centralizer in the amalgamation, it is fully quasi-convex in A and B, because it has finite intersection with non-elementary abelian subgroup. Hence, our combination theorem, and Theorem 2.2 gives the result. If A is abelian, set {P i } the peripheral structure of B ; each P i is a non elementary abelian group. Z is a maximal cyclic subgroup of B not intersecting the P i . Hence it is fully quasi-convex in B, and, if we note Z i the set of conjugates of Z, we have that B is relatively hyperbolic with peripheral structure {P i }∪{Z i }. Its boundary is obtained by identifying, for each i, the limit set of Z i (consisting in two points) to a point, hence it is still of dimension less than 1. We are in the case 2 of Corollary 4.1, and this ends the proof.
The next proposition was suggested by G.Swarup (see also [20] ).
Proposition 4.1 (Coherence)
Any finitely generated subgroup of a limit group is quasi-convex ( i.e. it satisfies the first point of Definition 1.5), and finitely presented.
It is classical for free groups, surface groups, and abelian groups. It is then enough to check that this property propagates when taking acylindrical amalgamated free product (or HNN extension) over cyclic groups. Assume the property is true for A and B, and consider Γ = A * Z B, with H a finitely generated subgroup. H acts on the Serre tree T , and, as exposed in [13] , one can deduce a spliting as a finite graph of groups, with vertex groups f.g subgroups of the conjugates of A and B, and edge groups cyclic. As they are f.g, vertex groups are in fact quasi-convex in the conjugates of A and B, and their boundary equivariantly embed in the translates of ∂A and ∂B. We can apply our combination theorem on this acylindrical graph of groups, and as the Serre tree of the subgroup is deduced from T (see [13] ), its boundary equivariantly embeds in ∂T . Thus, H is geometrically finite on its limit set in the boundary of Γ, hence it is quasi-convex in Γ. Moreover, relatively hyperbolic groups whose parabolic subgroups are abelian are finitely presented.
We finaly give an application of [7] . Following Bestvina [1] , we say that a Z-structure (if it exists) on a group is a minimal aspherical equivariant compactification of a universal cover of a finite classifying space of the group.
Theorem 4.2 (Topological compactification)
Any limit group admits a Z-structure in the sense of [1] .
The maximal parabolic subgroups are isomorphic to some Z d , and therefore admits a finite classifying space with a Z-structure (the sphere which comes from the CAT (0) structure). As limit groups are torsion free, (Lemma 1.3 in [18] ), the main theorem of [7] can be applied to give the result.
We emphasize that this topological boundary is not the one constructed above : if the group contains Z d , the topological boundary contains a sphere of dimension d − 1.
